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This article presents a research for boundary layer flow and heat transfer of a Maxwell fluid over an expo-
nential stretching surface with thermal stratifications. The effect of homogeneous and heterogeneous
reaction are incorporated. Cattaneo–Christov heat flux model is used instead of Fourier law of heat con-
duction, which is recently proposed by Christov. This model predicts the impacts of thermal relaxation
time on boundary layer. The transformed boundary layer equations are solved analytically by using
Optimal homotopy analysis method. The effect of non-dimensional fluid relaxation time, thermal relax-
ation time, Prandtl number, Schmidt number and strength of homogeneous and heterogeneous reaction
are demonstrated and exhibited graphically. The comparison of Cattaneo–Christov heat flux model and
the Fourier’s law of heat conduction is also displayed.

� 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

In recent years, the analysis of flow and heat transfer over a
stretching surface have achieved extensive attention because of
its wide applications, such as continuous casting, exchangers,
metal spinning, bundle wrapping, foodstuff processing, chemical
processing, equipment and polymer extrusion. Crane [1] was the
first who study the Newtonian fluid flow caused by a stretching
sheet. Many researchers Dutta et al. [2], Chen and Char [3] and
Gupta [4] modified the work of Crane [1] by taking the effect of
mass transfer under various circumstances. Nadeem et al. [5] took
the exponential stretching sheet to discuss the heat transfer phe-
nomenon of water-based nanofluid. Mukhopadhyay et al. [6] scru-
tinized the heat transfer flow over a porous exponential stretching
sheet with thermal radiation. Zhang et al. [7] concentrates the heat
transfer of the power law nanofluid thin film occur due to a
stretching sheet in the presence of velocity slip effect and magnetic
field. The boundary layer flow of ferromagnetic fluid over a stretch-
ing surface is demonstrated by Majeed et al. [8]. Pal and Saha [9]
examined the unsteady stretching sheet to discuss the heat and
mass transfer in a thin liquid film with the effect of non linear ther-
mal radiation. Weidman [10] studied a unified formulation for
stagnation point flows with stretching surfaces.

The natural phenomenon of heat transport is widespread in nat-
ure as long as there is a temperature difference between object or
between various parts of a similar object, there will be phe-
nomenon of heat transfer. In this manner, a significant considera-
tion has been committed to anticipate the heat transfer effect.
Therefore Fourier’s [11] initiated his famous law known as ‘‘Four-
ier’s law of heat conduction”. The characteristics of heat transport
phenomenon are not completely interpreted by this law. Because
no such body exist in nature which obeys Fourier’s law of heat con-
duction. To remove this drawbacks Cattaneo [12] modified flow of
heat conduction by adding a relaxation time. Christov [13]
employed [12] to the upper convected Maxwell fluid. Cattaneo–
Christov heat flux model, states that the heat transferred slowly
in a medium and its gives a hyperbolic form of equation. Muham-
mad and Nadeem [14] analyzed the viscous fluid flow embedded
with porous medium past a stretching sheet with Cattaneo–Chris-
tov heat flux model and thermal stratification. Hashim [15] consid-
ered a stagnation point flow of a Carreau fluid with the effect of
Cattaneo–Christov heat flux model over a slandering sheet. Abbas
et al. [16] got the analytical solution for the flow of Maxwell fluid
over a stretching surface in the presence of Cattaneo–Christov heat
flux model. Ramzan et al. [17] used Cattaneo–Christov heat flux
model for Maxwell fluid flow over a bidirectional stretched sheet
with homogeneous and heterogeneous reaction and magnetohy-
drodynamic. khan and khan [18] explored the heat transfer and
boundary layer flow characteristic to burgers fluid using Catta-
neo–Christov heat flux model. Muhammad et al. [19] used Catta-
neo–Christov heat flux model to described squeezed flow of a
nanofluid in the presence of double stratification.

In the last few decade, the dynamics of non-Newtonian fluids
got extensive interest among the scientist. Newtonian’s law of vis-
cosity is unable to explain such types of fluids. Many liquids such
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as soaps, mud, apple sauce, polymer melts, suspension solutions,
lubricants, ketchup, oils and many others depicts the rheological
characteristics and thus can not be characterized by one constitu-
tive expression. Therefore, non-Newtonian fluid is classified into
three sub classes, i.e. integral, differential and rate types. Maxwell
fluid belongs to the rate type fluids illustrating the relaxation time
effects. Fetecau and Jamil [20] in a current review reported an
examination for the helical flows of Maxwell fluid. The Maxwell
fluid embedded in a porous layer to for the onset of triple-
diffusive convection with internal heat source have been demon-
strated by Awasthi et al. [21]. The study of stagnation point flow
with Maxwell nanofluid past a permeable stretching sheet is ana-
lyzed by Ramesh et al. [22]. Zhao et al. [23] demonstrates the heat
transfer analysis of Maxwell fluid via a vertical plate. Li et al. [24]
exhibits the heat transfer and coupled flow with generalized frac-
tional Maxwell fluid saturated in a porous medium between two
infinite parallel plates. Further applications relevant to heat trans-
port phenomenon may be found in [28–39].

The aim of present work is to analyze the impacts of heat
transport phenomenon in a Maxwell fluid in the presence of ther-
mal stratification. The flow is induced by stretching of surface.
Cattaneo–Christov heat flux is characterized instead of Fourier’s
law of heat conduction in the evaluation of heat transfer rate.
Further, the effect of chemical reaction is taken into account.
The boundary value problem are solved analytically via Optimal
HAM. The graphical behavior of emerging parameters are
presented.

Mathematical formulation

Consider the steady two dimensional, electrically non-
conducting and an incompressible Maxwell fluid over an exponen-
tially stretching surface. The effect of homogeneous and heteroge-
neous reaction and thermal stratification are incorporated. The
movement of the fluid is caused by the exponential stretched sur-
face. The effects of generation/absorption and viscous dissipation
are neglected. At y ¼ 0 the flow is characterized and the plate is
stretched along x-axis with velocity Uw ¼ U0expðx=lÞ. The effect
of the chemical reaction are examined in flow analysis. The simple
model for the relationship between a heterogenous (or surface)
reaction and a heterogeneous (or bulk) reaction including the
two chemical species A and B in a boundary layer flow suggested
by Merkin and Chudhary [25,26] and Merkin [27] are described as

Aþ 2B ! 3B; rate ¼ kcab
2 ð1Þ

A ! B; rate ¼ ksa: ð2Þ

In above equations concentration of chemical species A and B
are denoted by a and b and ki; ði ¼ c; sÞ are the rate constants. Both
reaction processes are assumed to be isothermal. Under the bound-
ary layer approximation the continuity, momentum and concen-
tration equations lead to be
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Here x and y are the respective Cartesian coordinates taken
along the surface and perpendicular to it, u and v are the respective
velocity components, k1 indicate fluid relaxation time, t is the
kinematic viscosity, T express the local fluid temperature, k2
demonstrate the relaxation time for heat flux and DA and DB are
the respective diffusion coefficients.

In above equation the term XE is define as
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The boundary conditions are of the form

ujy¼0¼Uw xð Þ¼U0 expðx=lÞ; vjy¼0¼0; Tjy¼0¼Tw¼T1þd1expðx=2lÞ;
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ð9Þ
in the above equation, Uw is the variable stretching velocity, U0 is
the reference velocity and T1 exemplify temperature of ambient
fluid.

Solution procedure

We institute the stream function w where u ¼ @w
@y and v ¼ � @w

@x,

which fulfills the continuity equation indistinguishably, utilizing
similarity transformation of the following form,

w ¼ expðx=2lÞ
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Here hðgÞ signify the unitless temperature and prime symbolize
differentiation with respect to g. The fundamental Eqs. (3) to (8)
with boundary condition (9) are reduce to ordinary differential
equations after applying the similarity transformation (10) i.e.
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2
f 2f 000 þ 1

2
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d
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f ðgÞ ¼ 0; f 0ðgÞ ¼ 1; hðgÞ ¼ 1� S1; g0ðgÞ
¼ k2gðgÞ; dh0ðgÞ ¼ �k2gðgÞ; g ¼ 0; ð15Þ

f 0ðgÞ ¼ 0; hðgÞ ¼ 0; gðgÞ ¼ 1; hðgÞ ¼ 0; g ! 1: ð16Þ
Here dm is the fluid relaxation time, de indicate the thermal

relaxation time, Pr demonstrate the Prandtl number, Sc is the Sch-
midt number, S1 is the thermal stratified parameter, k1 and k2 are
respectively the strength of homogeneous and heterogeneous reac-
tion and d is the ratio of diffusion coefficient, and are defined as



Fig. 2. Graph for 8th order approximations.
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The chemical species A and B won’t be equal, in general, how-
ever we could anticipate that these will be equivalent in size. In
the case, where the diffusion species coefficients DB and DA are
equivalent, i.e., d ¼ 1, then we have

gðgÞ þ hðgÞ ¼ 1: ð18Þ
Through Eqs. (13) and (14) we get the equation as

1
Sc

g00 þ fg0 � k1gð1� gÞ2 ¼ 0; ð19Þ

and the boundary condition on concentration profile becomes

g0ðgÞ ¼ k2gðgÞ; g ! 0; gðgÞ ¼ 1; g ! 1: ð20Þ
The physically representation of the problem are shown in

(Fig. 1).

Optimal homotopy analysis method

For Optimal HAM solution the essential linear operator and
their initial guesses, are

Lf fð Þ ¼ d3f
dg3 �

df
dg

; Lh hð Þ ¼ d2h
dg2 � h; Lg gð Þ ¼ d2g

dg2 � g; ð21Þ

f 0 gð Þ ¼1� exp �gð Þ; ð22Þ
h0ðgÞ ¼ð1� S1Þ exp �gð Þ; ð23Þ

g0ðgÞ ¼1� k2
1þ k2

exp �gð Þ: ð24Þ

Here Lf fð Þ;Lh hð Þ and Lg gð Þ are the linear operators, whereas
f 0ðgÞ; h0ðgÞ and g0ðgÞ respectively indicate the initial approxima-
tion of f, h and g.

Convergence through optimal homotopy analysis method

The auxiliary parameter hf ;hh, and hg have incredible aim to set-
tle and control the convergence of homotopic solutions. To obtain
convergence solution we chose significant values of these parame-
ters. For this reason, residual error are deliberated for momentum,
energy and concentration expressions by utilizing the equations
given below
Fig. 1. Geometry of the problem.
D f
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The convergence of the parametric values are appeared by opti-
mal HAM, listen in the below table using the values of the param-
eters k1 ¼ 0:8; k2 ¼ 0:1; Sc ¼ 0:5;Pr ¼ 2:0; dm ¼ 0:5; de ¼ 0:1; S1 ¼
0:1 (see Figs. 2 and 3).

Graphical illustration for the 8th and 10th order approximation
are given in the following figures (Tables 1 and 2).

Here �tm is the total discrete squared residual error.

�tm ¼ � f
m þ �hm þ � g

m:

The value of �tm is utilized to get the optimal convergence con-
trol parameters.
Results and discussion

The optimal HAM technique are used to achieve the analytical
solutions for the boundary value problem. This section has been
manufactured to examine the property of several physical param-
eters on velocity, temperature and concentration fields. The effect
of dimensionless relaxation parameter dm (velocity), de (tempera-
ture), Pr (Prandtl number), S1 (thermal stratification), Sc (Schmidt
number), k1 (homogenous reaction) and k2 (heterogenous reaction)
are scrutinized.
Effect of dm (fluid relaxation parameter)

The influence of non-dimensionalize fluid relaxation time
parameter dm on velocity profile is exhibited in Fig. 4. An incre-
ment in dm might be viewed as increment in fluid viscosity. The
increased viscosity resists the fluid motion and subsequently the
velocity diminishes. It is also demonstrated that the velocity
boundary layer thickness reduces with an increase in dm.

Fig. 5 characterized the effects of dm on temperature field. It is
found that the stronger viscous force related with the bigger dm
opposes the flow and increases the temperature. This leads to the
conclusion that the viscous fluid requires lower temperature than
in viscoelastic fluid. Fig. 6 expressed the effect of dm on concentra-
tion profile. The concentration profile decreases with an increase in



Fig. 3. Graph for 10th order approximations.

Table 2
Shows individual residual square errors for � f

m; �hm and � g
m .

values!
order# hf ¼ �0:796684 hh ¼ �1:37584 hg ¼ �1:59953

� f
m �hm � g

m

4 2:91014� 10�7 3:4555� 10�6 4:33396� 10�7

8 7:90562� 10�10 4:59122� 10�9 4:15131� 10�9

12 2:60818� 10�15 1:03716� 10�15 9:68335� 10�16

20 3:35617� 10�18 1:06608� 10�18 1:15095� 10�18
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dm. The value relegated to residual parameters are
de ¼ 0:1;Pr ¼ 2:0; S1 ¼ 0:1; Sc ¼ 0:5; k1 ¼ 0:8 and k2 ¼ 0:1.
Fig. 4. Effect of dm on f 0ðgÞ.
Influence of de (thermal relaxation parameter)

Fig. 7 determines the effects of thermal relaxation parameter de
on the temperature distribution and thermal boundary layer. It is
noticed that the temperature field and thermal boundary layer
thickness decreases for larger values of de. This is because of cer-
tainty that as we enhances the thermal relaxation parameter, in
a material the heat transfers from one particle to another particle
in a slowly way. Therefore a material demonstrate a non-
conducting behavior which is responsible in diminishment of tem-
perature distribution. Further, if de ¼ 0 the heat transfers immedi-
ately all through the material. So for de ¼ 0 the temperature
distribution is higher i.e., in the event of Fourier’s law when com-
pared with Cattaneo–Christov heat flux model. The value
appointed to remaining parameters are dm ¼ 0:5;Pr ¼ 2:0; S1 ¼
0:1; Sc ¼ 0:5; k1 ¼ 0:8 and k2 ¼ 0:1.
Fig. 5. Effect of dm on hðgÞ.
The impact of Pr (Prandtl number)

Fig. 8 depicts the behavior of Prandtl number on temperature
field. It is described that the temperature profile and thermal
boundary layer thickness diminishes with increment in Pr (Prandtl
number). Physically, the thermal diffusivity decreases with enlarg-
ing the Prandtl number Pr, which comes about in the lessening of
temperature profile. Further, the thermal boundary layer becomes
thinner and heat diffuses gradually for bigger Pr number as com-
pared to low Prandtl number Pr. Low Pr brings about a thicker ther-
mal boundary layer which diffuses heat rapidly than the larger Pr.
The value dispensed to closing parameters are de ¼ 0:1; dm ¼
0:5; S1 ¼ 0:1; Sc ¼ 0:5; k1 ¼ 0:8 and k2 ¼ 0:1.
Table 1
For average residual square errors ð�tmÞ.

values!
order# hf hh

2 �0:818921 �1:14615
4 �0:770922 �1:20039

6 �0:759381 �1:27857

8 �0:787575 �1:34167

10 �0:796684 �1:37584
The effects of parameters S1 (thermal stratification) and Sc (Schmidt
number)

Fig. 9 demonstrates the variety of temperature profile because
of an adjustment in the values of thermal stratification parameter
hg �tm

�1:58336 0:0000620295
�1:59727 7:89411� 10�7

�1:60033 7:64902� 10�8

�1:60057 8:81702� 10�9

�1:59953 8:08651� 10�10



Fig. 6. Effect of dm on gðgÞ.

Fig. 7. Effect of de on hðgÞ.

Fig. 8. Effect of Pr on hðgÞ.

Fig. 9. Effect of S1 on hðgÞ.

Fig. 10. Effect of Sc on gðgÞ.

Fig. 11. Effect of k1 on gðgÞ.
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S1. It is observed that the temperature field diminishes with an
increase in the values of S1. Further, the thermal boundary layer
thickness also diminishes with increment in S1. This is due to the
temperature differences reasonably decays amongst surface and
ambient of sheet.

Fig. 10 signifies the influence of Sc (Schmidt number) on con-
centration field. Schmidt number Sc is the proportion between
the momentum diffusivity and mass diffusivity. Because of this Sc
is inversely proportional to mass diffusivity the boundary layer
thickness decrease and concentration field enhances. The value
gives to remaining parameters are dm ¼ 0:5; de ¼ 0:1;Pr ¼ 2:0;
k1 ¼ 0:8 and k2 ¼ 0:1.

Effects of parameters k1 and k2 (strength of homogeneous and
heterogeneous reaction)

In this subsection we study the impact of parameters k1 (homo-
geneous reaction) and k2 (heterogeneous reaction) on concentra-
tion field. Fig. 11 review the impact of homogeneous reaction k1
on concentration distribution gðgÞ. It is found that concentration



Fig. 12. Effect of k2 on gðgÞ.

2612 S. Nadeem et al. / Results in Physics 7 (2017) 2607–2613
distribution diminishes with enhancement in the values of k1.
Moreover the effect of heterogeneous reaction parameter k2 on
concentration field is indicated in Fig. 12. The reduction is occur
in concentration field with enlarging the values of k2 because
heterogeneous reaction parameter k2 has reverse convection with
mass diffusivity. The values allocated to closing parameters are
de ¼ 0:1; dm ¼ 0:5;Pr ¼ 2:0; S1 ¼ 0:1 and Sc ¼ 0:5.
Concluding remarks

The properties of the homogeneous-heterogeneous reaction in a
two-dimensional Maxwell fluid is carried out in the present of
thermal stratification. The Cattaneo–Christov heat flux model is
used instead of Fourier’s law of heat conduction. The optimal
HAM are used to got the analytical series solutions of the boundary
value problem. The conclusion drawn from the flow analysis are
the following.

(i) The velocity boundary layer thickness and concentration
profile have inverse behavior with fluid relaxation parame-
ter dm. While temperature field increases with the increase
of relaxation time dm.

(ii) Temperature distribution is higher for Fourier’s law than
Cattaneo-Cristov heat flux model.

(iii) Thermal boundary layer thickness increases with the
increases of Prandtl number Pr.

(iv) Temperature profile shows increasing behavior for large val-
ues of S1.

(v) The effect of Schmidt number Sc on concentration distribu-
tion is increasing.

(vi) The influence of the strength of homogeneous and heteroge-
neous reaction on concentration field is diminishes.
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