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ABSTRACT

The aim of this paper is to obtain a common fixed point theorem for multivalued
mappings in Menger spaces. Of course this is a new result in Menger spaces. 2000 Mathematics
Subject Classification: 47H10, 54H25.

Introduction

Menger [6] introduced the notion of probabilistic metric spaces, which is
generalization of metric space, and the study of these spaces was expanded rapidly with
the pioneering work of Schweizer and Sklar [12], [13]. The theory of probabilistic metric
spaces is of fundamental importance in probabilistic functional analysis.

Recently, fixed point theorems in Menger spaces have been proved by many
authors including Bylka [1], Pathak, Kang and Baek [8], Stojakovic [16], [17], [18],
Hadzic [4], [5], Dedeic and Sarapa [3], Rashwan and Hedar [11], Mishra [7], Radu [9],
[10], Sehgal and Bharucha-Reid [14], Cho, Murthy and Stojakovic [2].

Preliminaries

Let R denote the set of reals and R* the non-negative reals. A mapping F : R—
R" is called a distribution function if it is non- decreasing and left continuous with inf F
=0 and sup F = 1. We will denote by L the set of all distribution functions.
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A probabilistic metric space is a pair (X, F ), where X is non empty set and F is a
mapping from XxX to L.

For (u, v) € XxX, the distribution function F (u, v) is denoted by Fu, v.
The function Fu, v are assumed to satisfy the following conditions:
(P)Fuv(x)=1foreveryx>0ifand only ifu=v,
(P2) Fv,u(0)=0foreveryu,ve X,
(P3) Fu, v (x) = Fv, u(x) foreveryu, v e X,
Py if Fu,v(x)=1and Fv, w(y) =1 thenFu,w (x + y) =1 foreveryu, v, we Xand x, y
>0.
In metric space (X, d) the metric d induces a mapping F : X x X — L such that
F,v)(X) =Fu, v(x)=H(x~d(u,vV))
For every u, ve X and x € R, where H is a distributive function defined by

0 x <0
Hx) =
1 x>0.

Definition 1. A functionjt: [0, 1] x [0, 1] — [0, 1] is called a T- norm if it satisfies the
following conditions:
(t) t(a, 1) =afor everyae [0,1] and t(0, 0) = 0,
(t2) t(a, b) = t(b, a) for every a, be [0,1],
(tz) Ifc2aand d 2 b then t(c, d) 2t(a, b),
(t4) t(t(a, b), ¢) =t(a, t(b, ¢)) forevery a, b, c € [0, 1].
Definition 2. A Menger space is a triple (X, F, t), where (X, F ) is a PM-space and t is a
T-norm with the following condition:
(Ps) Fu, w (x+y) 2 t(Fu, v (x),Fv, w(y)) foreveryu, v, w € Xandx,ye R".

The concept of neighbourhood in PM-spaces was introduced by Schwizer-Sklar [12]. If u
€ X, e>0and A e (0, 1), then an (g, A)-neighbourhood of u, denoted by Uy(g, A) is
defined by
Uye,A)={ve X:Fu,v(e)>1-1}
If (X, F, t) is a Menger space with the continuous T- norm t, then the family
{Ufe,A): ue X, €e>0and A€ (0, 1)}

of neighbourhoods induces a Hausdorff topology on X and if sup .« t(a, a) =1, it is
metrizable.

An important T-norm is the T-norm t(a, b) = min{a, b} for all a, b € [0,1] and
this is the unique T-norm such that t(a, a) > a for every a € [0,1]. Indeed if it satisfies
this condition, we have

min{a, b} <t(min{a, b}, min{a, b} ) < t(a, b)

< t(min{a, b},1) = min {a, b}
Therefore, t = min.
In the sequel, we need the following definitions due to Radu [9].
Definition 3. Let (X, F, t) be a Menger space with continuous T- norm t. A sequence
{xa} of points in X is said to be convergent to a point x € X if for every e >0
lim 5 . Fxp, x (€) = 1.
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Definition 4. . Let (X, F, t) be a Menger space with continuous T-norm t. A sequence
{xx } of points in X is said to be Cauchy sequence if forevery € >0 and A > 0, there
exists an integer N = N(g, A) > 0 such that Fx,, x»(€) > 1-A forall m,n =2 N.
Definition 5. A Menger space (X, F, t) with the continuous T-norm

tis said to be complete if every Cauchy sequence in X converges to a point in X.
Lemma 1 [13, 15]. Let {x,} be a sequence in a Menger space (X, F, t), where tis a
continuous T- norm and t(x, x) = x for all x € [0, 1]. If there exists a constant k € (0, 1)
such that Fx;, X5.1 (kx) 2 Fxp.1, X, (x) for all x > 0 and n € N, then {x,} is a Cauchy
sequence in X.

We introduce the following concept for multivalued mappings in Menger space (X, F, t):
We denote by CB(X) the set of all nonempty, bounded and closed subsets of X. We have
F'y, B (x) = max{ Fy, b(x) : be B}

FyA, B (x) = min {mins c {F'a, B ()}, minyes {F'A, b (x)})

for all A, B in X and x > 0.

Main Results

Theorem 1. Let (X, F, t) be a complete Menger space with t(x, y) = min {x, y} for all x,
ye [0, 1]. Let S, T: X — CB(X) satisfying:
FySu, Tv (kx) 2 min{ Fu, v(x), F'u, Su (x), F'v, Tv (x),

F'u, Tv ((2 - 0)x)), F'v, Su ()} (1.1
Forallu,ve X, x20, whereke (0, 1) and all o € (0, 2). Then S and T have a common
fixed point.
Proof. Let xo be an arbitrary point in X and x; € X is such that x; € Sx¢ and
Fxo, x1(kx) 2 F"xo, Sxo (kx) - £,
x; € X is such that x; € Tx; and
Fxi, xa(kx) 2 F'xy, Tx; (kx) - €/2.
Inductively x,.1€ X is such that xzp.1€ Sx3,and
Fx2q, X2n41(kx) 2 FVXZn, Sx2q (kx) - €f22n,
Xon:2€ X is such that xop.2 € TX2y+12and
Fxzn:1, Xans2(kX) 2 F Xane1, TXane1 (kX) - €722,
Now we show that {x,} is a Cauchy sequence.
By (1.1)forallx=0and a=1-qwithqe (0, 1), we write
Fx2n+1: x2n+2(kx) 2 FVXZml’ Tx2n+l (kX) - & 22n+1

> FySzn, Txane1 (kx) - £/2°™
2 min{ Fxzp, X2n41(X), F" Xon, SXzn (X), F Xans1, Txzne1 (%),
F'xon, T Xon1((2 - 0)x)), F Xopa1, Sxan (x)} - €/2°™"
2 mm{ FxZn, szl(X), Fme szl(X), Fmeh X2n+2 (X),
Fxan Xone2((1 + QX)), FXane1, X2ne1(X)} - £/2°™!
2 min{ Fxzq, X20+1(X), FX2n, X2041(X), FX2041, X2n42 (X),
t(FXan, X2041(X), FXane1, X2ne2(qx)), 1} - /271 (1.2)

Since t is a continuous T- norm and distribution function F is left continuous, letting q
—1, in (1.2), we have
Fx2n+1s X21,'1«}-2(10() 2 IHHI{ Fin, x2n+l(x), Fx2n+1’ X2n+2 (X)} - 8122"”- (13)
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Similarly we have also
FXani2, Xone3(kx) 2 min{ Fxone1, Xone2(%), FXons2, Xones (X)} - €/27%2, (1.4)
Thus from (1.3) and (1.4) it follows that
FXas1, Xns2(KX) 2 min{ Fxn, Xo1(), FXne1, Xnv2 (%)} - €27
forn=1, 2, ... and so for positive integers n, p
FXae1, Xar2(kx) 2 min{ Fxn, Xe1(X), Fne1, Xnvz (5/kP)} - /21,
Letting p —eo, we get
FXoa1, Xpe2(kx) 2 Fxq, Xp1(X) - £/22
Since € is arbitrary making € — 0 we obtain
Fxpe1, Xne2(kx) 2 Fxp, Xa1(X).
Therefore by Lemma 1, {x,} is a Cauchy sequence. So it converges to a point z € X.
Now by (1.1) with o = 1, we have
F Xane2, Sz (k%) 2 FySz, T Xane1(kx)

2 min{Fz, X2u1(X), F 2, S2(x), F' Xans1, Trone1 (),

F'z, Tx2041(%), F Xone1, S2(X)}
> min{Fz, Xon1(x), F' Z, SZ(X), FXz041, X2042(X),
Fzs x2n+2(x)a vazmlp SZ(X) }

Letting n —eo, we obtain
F'z, Sz (kx) 2 min{1, F'z, Sz(x), 1, 1, F'z, Sz(x)}.
This gives
F'z, Sz (kx) 2 F'z, Sz(x),
which is a contradiction. Thus we have z € Sz. Similarly we can prove that z € Tz.
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