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ABSTRACT 

Given an associative ring R satisfying amb = Bam for any pair a and b of its 
elements, is being a positive integer, and a group G satisfying xm-1 = ym-1, we give a 
sufficient and necessary condition on the group ring GR so that its elements satisfy 
the same condition assigned to R. A similar result can be obtained if the group G is 
replaced by a semigroup. 

In this note we obtain a necessary and sufficient condition for a group ring RG to be 
a pre J-ring. We call group rings which are pre-J-rings as pre-J-group rings. The 
author in [1] calls an associative and commutative ring R to be a pre-J-ring if there 
exists a positive integer m such that xmy = xym for every x and y E R. 

Theorem 1. Let G be a commutative group in which x-1 = ym---1 for every x and y in 
G and R a pre-J-ring with xmy = xym for every x,y in R, where m is an integer> 0 
Then the group ring RG is a pre-J-ring if and only if for every a and 13 with formal 

s,t s,t 
representations a I aigi and 13 = I l3i hi in RG we have 

i=l i=l 
s t 

aml3 - ( I ar gr) 13 = al3m - a ( I 137 h7 ). 
i=l i=l 

Proof. Given R is a pre-J-ring in which xym = xmy for every x andy in Rand m a 
positive integer and G is commutative group in which x-1 = y-1 for every x,y in G. 
Given RG is a pre-J-group ring to prove 

s t s t 

( I aigi)m I 13ihi - I aimgr ( I l3ihi) 
i=l i=l i=l i=l 

s t s t 

= I aigi ( I 13jhj)m 
i=l i=I 

I aigi ( I 13tht) 
i=l i=I 

s t 
holds in RG for every a, 13 in RG where a= I aigi and 13 = I l3ihi with l3i, ai E R 

i=l i=I 
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and gi> hi E G for j = 1, 2, ... , t and i = 1, 2, ... , s. Since aml3 = al3m.we have 

s t s t 
( I aigi)m I .13ihi = I aigi ( I l3ihi)m 

i=I i=l i=I i=I 

expanding both sides of the above equation we get 

s t 

( I atgt) I l3ihi + (I (terms of the form ai.ai ... ak,gi.gi ... gk) 
i=l j:::il 

t s t s 
x I aihi = ( 2: <Xigi) (I 13tht)+,( .I aigi) x (I (terms of the form l3i·l3k, 

i=l i=l i=tl i·'=l 

... , 13b hj.hk ... hJ). 

Now since R is a pre-J-ring we have xmy = xym for all x,y in R and since G is 
commutative with gm-1 = hm-1 we have hgm-1g = hmg = gmh. Hence 

s t s s,t 
( I atgt)( I 13ihi )-(I aigi)( I 13tht). 
1=1 i=l i=I i=I 

Thus the identity 

s t s s 
( .I aigi)m'(~ 13jhj) ( I atgt)( I 13tht). 

i=I l=l i=l i=I 

s t s 
={ I aigi)( I 13ihi)m - ( I <Xigi ) I 13tht 

i=I i=I i='l il=l 

holds in RG for every a, 13 in RG. Conversely suppose in RG we have the identity 

s t s s,t 
( ,I aigi)m I 13ihi - ( I atgt ) ( I l3ihi) 

i=J i=I i=I i=~ 

s t s 
= (I aigi) ( I l3ihi)m - ( I aigi )( I '13tht), 

i=I i=l i=I i=.I 

To show that RG is a pre-J-ring. i.e. to show aml3 = al3m for every a, 13 in RG. 

Since R is a pre-J-ring and G is a commutative group such that xm-1 = ym-1 for every 
x, y in G we have atl3i = ail3t for all ai, 13i in R. 
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s t 

Let a =I aigi and 13 = .I l3ihi (ai> l3i E R and gi> hi E G). Using the given 
i=I Jl.=/1 

identity 

. s. 

aml3 = ~ L atgt) 13 = al3m 
ii=I 

to prove RG is a pre-J-group ring it is sufficient if we prove 

s. 
( L aimgt) 13 = a ( L 13tht). 

iF! i=I 

Consider the left hand side 

s s 
( L atgt) 13 L ~mgt (13Jhl + · · · + 13tht) 
i=.I i=!I 

s s,t 
L atl31gth1 + . . . + L atl3tgtht 

i=I i=l 

s s,t 
= L aif3Imgihlm + ... + I (li~tmgihtm 

~=J i=l 

s 
= I aigi (13Jmht + . . . + 13tmhtm) 

i'=I 

t 
= a L 13th( 

i=I 

which is nothing but the right hand side of the above equality. Hence we have aml3 
= al3m for all a, 13 in RG. 

Remark 2. If S is a commutative semi-group in which xmy = xym for every x and y in 
S and R a pre J-ring, then the semi-group ring RS is a pre J-semi-group ring if and 
only if it satisfies the following identity for every a and 13 in RS 

s t 
aml3 ~ ( L. aimst) 13 = al3m - a ( L -13tht) 

i=l i=I 
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s 
where o: = I o:isi and~ =.I ~;h; with o:b ~i in Rand h;, si inS fori= 1, 2, ... , s 

i=l J=l 

and j = 1, 2, ... , t. Proof as in the case of Theorem 1. 
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