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ABSTRACT

Given an associative ring R satisfying a"b = Ba™ for any pair a and b of its
clements, is being a positive integer, and a group G satisfying x®—! = y™!, we give a
sufficient and necessary condition on the group ring GR so that its elements satisfy
the same condition assigned to R. A similar result can be obtained if the group G is
replaced by a semigroup.

In this note we obtain a necessary and sufficient condition for a group ring RG to be
a pre J-ring. We call group rings which are pre-J-rings as pre-J-group rings. The
author in [1] calls an associative and commutative ring R to be a pre-J-ring if there
exists a positive integer m such that x"y = xy™ for every x and y € R.

Theorem 1. Let G be a commutative group in which x®—! = y™! for every x and y in

G and R a pre-J-ring with x™y = xy™ for every x,y in R, where m is an integer > 0

Then the group ring RG is a pre-J-ring if and only if for every a and B with formal
s,t s,t

representations « = > o;g; and B = 5 B h; in RG we have
i=1 j=1

s t
@B - (2 amgn)B=af—a(3I B by ).
Proof. Given R is a pre-J-ring in which xy™ = x™y for every x and yin R and m a
positive integer and G is commutative group in which x™' = y™ for every x,y in G.
Given RG is a pre-J-group ring to prove

S t S t
(> ag) ¥ Bhj— X ag™ ( P Bih;)

i=1 i=1 i=1 i=1

S t S t

= 2 og (X Bh)" — X oig (2 B"hy)

i=l1 ji=l1 Do i=l =1

S t

holds in RG for every o, B in RG wherea = Y o;g;and 8 = jzl B;h; with B, o; ER

i=1
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and g;, h; € G for j

1,2, ...,tandi=1,2, ..., s. Since a"Bf = of™we have

s t S t
(2 og) T Bihj = 3 aigi ( T Bihy)"

i=l i=1 i=l1 1=1

expanding both sides of the above equation we get

S t

( 2 o™ 3 Bjhj + (X (terms of the form o0 ... w88 ... &)

i=] j=1
t s t S

x 2 ajhy=(Y og)(Z B™™)+(3 eg)x (I (terms of the form B;-Brs
j=1 Ci=1 i=n i=1

S B], hjhk h])

Now since R is a pre-J-ring we have x"y = xy™ for all x,y in R and since G is
commutative with g™' = h™ we have hg™'g = h"g = grh. Hence

S t S S,t
(2 "g") (T Biy)— (T ag)( S B;"hy").

1=1 1=l i=1 =1

Thus the identity

S t S S
( 2 og)™(>5 Bihy) (gl o"g")( X Bi"h™).

i=l1 =1 1=1

S t S

=( 3 aigi)( jgl B;hy)" — (igl 0;g; ) jél B;j"h;"

i=]

holds in RG for every a, B in RG. Conversely suppose in RG we have the identity

s t s s,t
(2 ag)” X Bih—(2 o"g") (X Bihy)

i=1 I=1 i=1 i=1

S t S

=(2 ag)( X Bihy)"~( X g )( I By,

i=1 i=1 i=1 i=1

To show that RG is a pre-J-ring. i.e. to show o™ = ap® for every a, B in RG.

Since R is a pre-J-ring and G is a commutative group such that x™ = y= for every
X, y in G we have o"B; = a;f;" for all o;, B; in R.
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S t
Let a = X osg; and B = > B;h; (o4, B; € R and g;, h; € G). Using the given
i=1 j=i

identity
-8 t
a™B = Q‘Z a"g™) B = af" — a ("Zl B;"h;™),
i=1 1=
to prove RG is a pre-J-group ring it is sufficient if we prove
S.
(2 o"g™ B =a (X Bhm).
i\=;l i i=1
Consider the left hand side
s s
(> a"g™ B =3 amg™ (Bh + ... + Behy)
i=] i=l
s,t

s
= Zn o"Big™y + ... + .Zl o;"Bg"h;

S s,t
= 2 afgh™ + ... + ¥ of"gh”

is=il i=1

s
2 g Brh™ + ... + B~h™)

i=1

t
= o z B]mh]m

i=1

which is nothing but the right hand side of the above equality. Hence we have ™8
= aff" for all «, B in RG.

Remark 2. If S is a commutative semi-group in which x"y = xy™ for every x and y in
S and R a pre J-ring, then the semi-group ring RS is a pre J-semi-group ring if and
only if it satisfies the following identity for every « and B in RS

s t .
o~ (¥ o"s") B = af™ — a (T B"hy")

i=l i=1
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) t
wherea = ¥ o;5,and B = ¥ Bjh; with o;, Bjin R and by, s;in Sfori=1,2,...,s8
i=1

i=l

3 3

and j = 1, 2, ..., t. Proof as in the case of Theorem 1.
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