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INTRODUCTION 

The interest towards the theory of functional differential equations in the last decades is great, 
due to the increasing circle of applications in various fields of science and technology. A 
detailed survey of the literature that reflects tthis theory is done in (1), (5), (6) and others. In 
this paper we are concerned with the problem: 

..2!_ = F(t, x, x(h(t, x)) ), x(O) = Xo, 
dt 

(1) 

where xis an element of Banach space E, and t E [ o, T] . Problem (1) has been investigated 
in (2). However, in the present paper an existence and uniqueness theorem is proved for 
weaker hypeothesis than that needed in (2). The operator F is assumed to satisfy a generalized 
Lipschitz condition (9) of the types used by authr in (3). We also prove the convergence of the 
successive approximations: 

in+l(t) = (t, X0 (t), X0 (h(t, xn(t)) )), 

x.,(t) = X0 O~t~T 
(2) 

to the unique solution of (1) and determine the rate of convergence. We now prove the 
following lemma which will be used in our subsequent theorem. 

Lemma 

Suppose that<i (t, u, v) [ o~t~T. o ~u~2r, o~v~2Cr] is a nonnegative continuous function 
of the totally of its arguments and non-decreasing function of u, v and that the problem 

du 
dt 

= <f (t, u, Cu), u(o) = o 

bas only the trival solution, moreover 

Maxtl (t, 2r, 2Cr) :s;; 2r, r T:s;;r 
o:s;;t:s;;T 

(3) 

(4) 
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Then the function sequence 

C1

i(t) = c! (t, 2r 2cr) o~t~T 

t n+t(t) = <.e (t, Cn (t), C fn (t)) o~t~T 
en 'lo) = 0 ' n = 1, 2 ... 

satisfies the conditions 

1. o ~ t n-1 (t) ~tn(t) o~t~T 
2. en(t)~o whenn~oo 

uniformly w.r.t. t£ [ o, T] 

Proof: 

(5) 

(6) 

(7) 

(8) 

It follows from (4), (5), (6) and the fact that cL- (t, u. v) is a nondecreasing function, that 

f:_
1

2(t) = c{ (t, £1(t), c C,1(t)) ~ct (.T, 2R, 2Cr) =f, 1(t) 

and e.. 2 (o) = f.- 1 (o) = o, hence f.. 2 (t) ~ £1 (t) o~t~T 
We assume that f.. n (t) ~ f, n-l (t) o~t~T 
Since tf (t, u, v) is nondecreasing we get 

c 1+1 (t) ~ct(t,£n-l(t), cen-l(t)) = e'n (t) 

and t n+l ( o) = f:.n( o) = o , hence (7) is proved 

:. lim Sn (t) = E..Ct) uniformly w.r.t. t E [ o, T] 
n~ oo 

taking the limit in 

Cn-l(t) = fo' <t (S, E:.n (S) ' ctn (S))ds 

and using the fact that the problem (3) has only the trivial solution we conclude that E. (t) :: o 
o~t~T 

Theorem 

Suppose that the following conditions are satisfied 

A - The operator F (t, x, y) is continuous with respect to the totally of its arguments on 
Q = { (o, T), II X - Xo II ~ r, II Y - Xo II ~r } 
and satisfying in Q the condition 

11 F ct, x, y)- F(t, x, y) 11 ~ rect, 11 x- x 11, 11 Y- u 11) 

and II F(t, x, y) II ~r 
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B - The function h(t, x) is continuous with respect to t ( (o, T] and llx-xoll~r into te closed 
interval [ o, T] and satsifying 
II h(t, x)- h(t, x)ll ~ Lil x- xll (11) 
o ~ h (t, x) ~ t (12) 
C - The function cf: (t, u, v) satisfies the conditions of the lemma for C = 1 + Lr' 

Then the problem (1) has a unique solution x* (t) and the sequence of abstract functions 
determined by (2) Coverges to this solution. Moreover the rate of convergence is determined by 

II Xo(t)- X * (t)ll~ Cn(t) o~t~T 

Proof: 

I. We prove thatll x'u(t) II~ r 1,ll X0 (t)- xoll ~ r, n = 1,2, ..... . 
Let /1 x~(t) II ~ r' and II X0 (t) - x0 II r then follows from (10) that 

1/ X~+-I(t) II = II F(t, Xn (t), Xn (h(t, X0 (t)))) jl ~ r' 
:. II Xn+-1 (t) - Xo II ~ r 

Since II x; (t) II ~ r
1 
and II x1(t) - x0 II ~ r hence (14) is proved. 

II. We prove that 

II X0 (t)- Xm (t)ll~ ~n (t), o~t~T, n~m, n = 1, 2, ..... 

(13) 

(14) 

(15) 

From (9), (14), (11), (12) and the fact that cl(t, u, v)is a nondecreasing function we get 

IJx~ (t) - X~ (t) II =II F (t, Xo, Xo) - F(t, Xm-I(t). Xm-I(h(t,Xm-I(t)))) II 
~ ct t(, 2r, (1 + Lr

1 
)2r) = f, ~ (t) 

and II x1(o) - Xm(o) II = o hence 

IJ XJ(t) - Xm(t) II ~ t- 1 (t) o~t~T 

We assume that (15) holds for m ~ n and prove that it holds for m ~ n + 1 

Let II Xn(t) - Xm(t) II ~ e n (t) o~t~T 

From (9),(14), (11), (12) and the fact thatt{(t, u, v) is nonnegative and nondecreasing it follows 
that 

II x~+-l(t) - Xm(t) II = IIF(t, Xn (t), Xn (h(t, Xn(t)))) -

F(t, Xm-I(t), Xm-J(h(t, Xm-J(t)))) II ~ 
~ ce (t, II Xn(t) - Xm-I(t) I II , llxn (h(t, Xn (t))) - Xn (h(t,Xm-I(t))) II + 

II Xn (h(t, Xm-I(t))) - Xm-I(h(t,Xm-l(t))) II ) 
~ &t (t, ~0(t), E:.n (t) (1 + Lr')) = f;, 1

n-I(t) o~t~T 

and II Xn-I(o) - Xm(o) Jl = o 
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o:::::;t:::::;T 

Relation (15) now proved by induction and (8) implies that x0 (t) x* (t) 

III. Conversion to the limit in (2) as n --+ oo confirms that x* (t) is a solution of (1) 

IV. To prove that the solution is unique let y• (t) be another solution then by the same 
method as (15) was proved it can be shown that 

II Xn(t) - y*(t) II :::::; €-n (t) o:::::;t:::::;t , n = 1, 2, .... 

hence letting n --+ oo we conclude that x*(t) = y*(t) o:::::;t:::::;T 

V. Now taking the limit in (15) for m --+ oo , we obtain the estimate (13) of the rate of 
convergence; this completes the proof. 

Remark: 

A sufficient condition for problem (3) to have only the trivial solution is that ct (t, u, cu) = 
't'(t)W (u) andUJ(u) is an Osguda function (see (4), (7)), and this include the case whenlt (t, u, 
v) = 
Lt (t) u + L2(t) v 
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~IJJI ~LUll - -

. ~1~'.11 ~t.......All <G.~.:..~ ~I J~_,l ~IS.JI.b~l (~ t_l~ ~ .::.....UJ.l ~I l.lA ~ 

dx(t) 

dt 

= F (t,x(t), x h(t,x(t)) ) , x(o) = X0 

J.J.Lo '-:'~ ~J~ ~1_, ~I l.lA J! '-:'Jl.i:U ~I JI_,.JI 0-.o ~l:i:i.o ~I dJ,j$ 

. '-:'JI.Lll 
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